A new definition of a guiding function for functional differential equations is given, which is sometimes better for applications than the known one by Mawhin. We then prove an existence result for periodic solutions of FDEs related to the new definition.
1. Introduction. In this paper we use techniques related to guiding functions in order to prove the existence of periodic solutions to the functional differential equation (1) x'(t)-q(t,xt).
The idea of a guiding function goes back to Krasnosel'skii [3] , who introduced it first in order to study the periodic solutions of an ordinary differential equation. Krasnosel'skii [4] later extended his definition of a guiding function in order to include some delay differential equations. Subsequently Mawhin, first in [7] and then in [2, 8, 9 ] extended this concept to the case of functional differential equations. The existence results in [4 and 7] , however, are essentially related to perturbations-in some sense-of an ODE. Although more general than the preceding ones, also the existence results in [2 and 8] do not seem to be applicable to a scalar equation of the form (2) x'(t)=f(x(t-r)), /:R-R.
as is shown in §2. This fact raises the problem of finding another definition of a guiding function for (1) in order to obtain further existence results. In §3 we present a different definition and show how it can be applied to some examples. The new definition takes into account the function x, and its L2-norm.
In §4 we then prove an existence theorem for periodic solutions to equation (1) which can also be applied to the examples given in §3.
2. Some remarks on Mawhin's definition of a guiding function. Let r > 0 be a fixed number and denote by <€ the space of continuous functions from [-z-, 0] to R^, with the usual sup norm. We shall consider the following problem:
where T > 0 is fixed, q: R X # -» R^ is continuous, transforms bounded sets of R X ^ into bounded sets of R*, and is F-periodic with respect to t, i.e.
q(t+T,<p) = q(t,<p) Vi,<p. Remarks. In the particular case of an ODE, the above definition "includes" the one given by Krasnoserskii (cf. [3] ). Moreover, if we consider the following particular FDE, (3) x'(t) = g(t,x(t),x,)
with the usual periodic boundary conditions, a sufficient condition for a C'-function W to be a guiding function is that there exists p > 0 such that (vW(x),g(t,x,4>))>0
for every t S R, <f> e ff, and ||jc|| > p. The latter condition was indeed used in [7] by Mawhin to define a guiding function for (3), generalizing a preceding definition of Krasnosel'skii [4] in the case of a delay differential equation. In both cases, however, the asymptotically dominating term on the right-hand side of the equation must be the one in x(-), i.e. these definitions work essentially for "perturbations" (in some sense) of an ODE.
The following result [2] generalizes a theorem of Krasnosel'skii [3] . Theorem 1. Let V0,...,Vm be guiding functions for (Px) such that
Then (Px) has a solution.
Remark. It is easy to see that (ii) is equivalent to deg(v^-,5Pi,0)#0 Vz = 0,...,m, where p, stands for p in the definition of V¡. We shall show now that the above theorem, although quite general, cannot be applied to the scalar equation (2), where r e (0, T). Suppose V0: R -* R is a guiding function for (2) . Then in particular for each constant «e R with \u\ > p0 the following holds:
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Moreover, if we assume (ii) of Theorem 1 above, i.e.
deg(^F0,
]-Po,p0[,o)#0, then both dV0/dx and / must have constant and equal sign in [p0, + oo)-say positive-and opposite sign-say negative-in (-00,-p0]. We claim now that V0 must be bounded. In fact, suppose for example that limx^ + ooF0(x) = +00 (V0 is increasing in [p0, + 00)). Then take w > p0 such that V0(w) = max_Po<_"<Po|F0(.y)| and let x: R -* R be a F-periodic continuous function such that for a t g [0, T], x(t) -w, x(t -t) = -p0, and moreover -p0 < x(s) < w Vs G We shall see then that F is an L2-guiding function for (P3). The embedding L2a «-» L2 together with (5) gives us the inequalities ||vF(x(-))||2 > m\\xf2a -k4f > mTa-a)/1\\x\\a2 -kJY. Now, using Holder and the triangular inequalities, we get
if ||x||2 is large enough. Example 3. Consider the problem ' x'(t) = Ax(t) + g(t,x,),
where A is an A X A matrix and g is continuous, F-periodic in / and maps bounded sets into bounded sets. We consider two cases: (i) Suppose there exists a positive constant e such that (g as in Example 2), V(x) = ^||x||2 is an L2-guiding function for (P4). In fact CT 2 / (vV(x(s)) \Ax(s) + g(s,xs)) ds > e||x||2 -lUlbllgxl^ > 0
•'o if ||x||2 is large enough.
(ii) It can be shown [3] that if the matrix A has eigenvalues with both positive and negative real parts, then there exists an A X A matrix D such that (Dx\Ax) >||x||2
Vx g R*,
Suppose there exist positive constants kx, k2 such that
for every F-periodic C'-function x. It is easy to see then that
is an L2-guiding function for (P4).
4. An existence result. Here is our main result. It is not difficult to see how it can be applied to the above examples. Theorem 2. Consider (P,) and suppose moreover the Nemitzkii operator associated to q transforms L2-bounded sets into L2-bounded sets. If there exists an L2-guiding function Vfor (P,) such that (7) deg(vV,BR,0)*0, then (P,) has a solution x G CT.
Remark. Condition (7) for some positive constants Kx and K2, then W is an L2-guiding function for (P5) and (P5) has a solution.
